We analyze theoretically physical mechanisms responsible for radiative recombination of the ground optically passive ( "dark") exciton (DE), which dominates in photoluminescence (PL) of colloidal nanocrystals (NCs) at low temperatures. The DE becomes optically active due to its mixing with the bright excitons caused by an external magnetic field, dangling bond spins or by acoustic and optical phonons. These activation mechanisms mix the DE with different bright excitons and, consequently, lead to different PL polarization properties, because they are determined by dipole orientations of the bright excitons, which the DE is coupled with. We show that the PL polarization properties of prolate and oblate shape NCs are different due to different activation mechanisms responsible for the DE recombination.
I. INTRODUCTION
In all bulk semiconductors and all existing semiconductor hetero-structures a ground exciton state is without known exception an optically passive "dark" exciton (DE). The direct optical excitation of this state by a single photon or its direct photon emission is forbidden due to the parallel alignment of the electron and hole spins caused by ferromagnetic character of the electron-hole exchange interaction. Interaction with light affects only the orbital degrees of freedom of valence and conduction band electrons, and does not change the electron spin projection. As a result of this, only exciton states with anti-parallel alignment of the electron and hole spins ("bright" exciton states) could be excited directly by a photon and directly emit a photon.
The DE recombination does not significantly affect photoluminescence (PL) in commonly used bulk semiconductors or epitaxial quantum dots and quantum wires, due to small energy splitting between bright and dark excitons. This splitting in bulk semiconductors, where it is called singled-triplet splitting, 1 epitaxial quantum wells, 2, 3 and quantum dots, 4-6 is usually (with several rare exceptions [7] [8] [9] ) smaller than the helium temperatures and inhomogeneous exciton line-width. This is not a case however for small colloidal nanocrystals (NCs), nanorods and nanoplatelets, where the strong spatial confinement leads to the dark-bright exciton splitting on the order dozens meVs. [10] [11] [12] [13] [14] [15] [16] [17] [18] In such nano-structures the radiative recombinations of the DE dominates PL at low temperatures.
The DE can recombine radiative via some assisting processes, which mix the DE to some optically active bright exciton state. The activation processes mix up or flip different electron or hole spin projections causing a virtual transition of the DE to the bright exciton state, which subsequently decays radiatively. These processes are much slower than direct optical recombination of bright excitons and are accurately described by second order perturbation theory. 11, 13 In colloidal NCs, the radiative recombination of DEs at low temperatures was observed directly in fluorescence line narrowing (FLN) experiments 12, [19] [20] [21] [22] [23] [24] [25] and in single dot (SD) experiments. [26] [27] [28] [29] [30] [31] Optical transitions assisted by optical and acoustic phonons as well as the zero phonon line (ZPL) were identified in low temperature PL. Evidence for DE radiative recombination was also observed by time-resolved PL measurements due to the presence of the slow decaying component at cryogenic temperatures.
18,27,28,32-41
The magnetic field activation of the ZPL intensity and shortening of its life time is observed in all kinds of FLN, SD and time-resolved experiments and well explained theoretically. 11, 13 However, the mechanism of the ZPL activation in zero magnetic field remains the subject of discussions. The finite radiative life time of the lowest dark exciton states was obtained, for example, by the atomistic pseudopotential 14, 42 and tight-bidning 43 calculations. It was suggested 44 that a decrease of the geometrical symmetry of colloidal NCs below C 6v , at which they have ellipsoidal shape with rotation axis directed along the hexagonal c -axis of wurtzite semiconductor, also results in DE activation. The strong asymmetry of the NC shape, however, is required because only very untypical faceting of the cubic or wutzite NC reduces the NC symmetry below C 6v . Recently, 45 the activation of the DE by the interaction with free spins of the dangling bonds at the NC surface was considered theoretically. Existence of the dangling bond spins at the NC surfaces and their magnetization by an external magnetic field was demonstrated by SQUID measurements.
46,47
The dangling bond spin-flip assisted recombination was shown to be suppressed by the formation of the magnetic polaron state with decreasing temperature explaining the temperature dependence of the ZPL position and intensity observed experimentally. 20 It is important to note, that the polarization properties of the DE PL are controlled by the polarization of the bright exciton which contributes to the DE recombination via some assisting process. 45, 48 That is why a study of the DE PL polarization could be a powerful tool for revealing the physical mechanisms responsible for the DE radiative recombination and the fine structure of the band edge exciton. 48, 49 In this article we consider and compare theoretically four mechanisms of activation of the DE in ellipsoidal shape NCs made from semiconductors which have cubic or wurzite lattice structures. These mechanisms include the interactions with dangling-bond spins at the NC surface, acoustic and optical phonon assisted recombination, as well as external magnetic field induced recombination of the DE. We show that dangling-bond spin and phonon assisted mechanisms lead to different polarizations of the DE PL and thus might be identified experimentally. For example, in CdSe NCs with the ±2 ground DE the dangling bond spin assisted recombination results in PL which is circularly polarized around the NC c -axis, while in the case of phonon assisted recombination the PL is mostly linearly polarized along the NC c -axis. These results suggest that dangling bonds are responsible for the DE recombination in CdSe NCs where SD experiments demonstrated that DEs have properties of the degenerate 2D dipole oriented isotropically in two dimensions perpendicular to the NC hexagonal axis at low 50 as well as at room 51, 52 temperatures. On the other hand, at very low temperatures when the dangling bond assisted recombination is suppressed in small size NCs by the formation of the polaron state, 45 the DE decays via acoustic or optical phonons and the PL should be strongly polarized linearly along c -axis. This explains 48 the negative polarization memory effect measured in CdSe NC ensembles after resonant excitation of the lowest bright exciton state. 12, 21 Calculations also show that in contrast to the ±2 DE, the 0 L DE can be activated by an external magnetic field parallel to the c -axis of CdSe NCs and that an external magnetic field activates the DE in even spherical or "quasi-spherical" NCs. This paper is organized as follows: in Sec. II we introduce the Hamiltonian that describes the exciton fine structure, describe the most general form of perturbations that could activates the DE, and discuss the interaction of excitons with light in the dipole approximation. In Sec. III we consider four activation mechanisms of the ±2 ground DE. In section IV we discuss the magnetic field induced activation of the degenerate F = 2 ground DE in spherical or "quasi-spherical" NCs. Sec. V summarizes the results for the four activation mechanisms of the 0 L ground DE. The main theoretical conclusions and comparison with available experimental data are presented in Sec. VI. Supporting details for calculations are given in Appendix. 
II. EXCITON FINE STRUCTURE AND DARK EXCITON ACTIVATION MECHANISMS
Let us discuss briefly the fine structure of the bandedge exciton in NCs made of direct-gap semiconductors with band edges in Γ points of Brillouin zone. In spherically symmetric NCs made of direct gap A II B VI and A III B V semiconductors with cubic lattice structure, the electron ground 1S e level is doubly degenerate with respect to its spin projection, s z = ±1/2 and the hole ground 1S 3/2 level is 4-fold degenerate with respect to projections M = 3/2 , 1/2 , −1/2 , and −3/2 of its total angular momentum, J = 3/2 .
53,54 As a result the absorption band edge and the PL of these NCs are determined by the 8=4x2 optical exciton transitions between these lowest electron and hole levels. The electron-hole exchange interaction splits the 8-fold degenerate exciton state in spherical NCs into the ground optically passive (dark) 5-fold degenerate state with total momentum F = 2 and the upper optically active 3-fold degenerate state with F = 1 by the energy 4η , where the exchange constant η ∝ 1/a 3 and a is the NC radius. For the short-range exchange interaction the exchange constant is defined in Refs.
11,55 (see also Appendix A). The twolevel exciton structure of spherical cubic NCs is shown schematically in Fig. 1(a) .
The spherical symmetry can be broken by the internal hexagonal crystal field in semiconductors with wurtzite structures (such as CdSe) and the non-spherical, ellipsoidal shape of NCs. These two effects split M = ±3/2 and M = ±1/2 , so called "heavy" and "light" hole sublevels, by 11 ∆ = ∆ int + ∆ sh and finally results in the five band edge exciton states, F = ±2, ±1
L,U , 0 L,U with different projections, F = M + s z , on the hexagonal caxis of the NC. The resulting fine structure of the exciton levels is described by the following Hamiltonian:
where σ e is the electron spin Pauli matrix. The energies and wave functions of the above mentioned dark and bright band edge excitons were derived in Ref. [11] and for convenience we show them again in the Appendix A. The calculations show that the exciton fine structure depends strongly on the size and shape of the NC as shown schematically in Fig. 1 . The levels are labeled by the projection of the exciton total angular momentum F : one level with F = ±2 , two with F = ±1 , and two with F = 0 . In the case when ∆ = 0 , both of the ±1 states (lower 1 L and upper 1 U ) are optically active bright excitons. For the states with F = 0 only the upper one, 0 U , is optically active, while the lower one, 0 L , is the optically passive DE. In oblate and spherical wurtzite CdSe NCs ∆ > 0 and the ground dark exciton is the state with F = ±2 (see Fig. 1(b) ). In prolate CdSe NCs where ∆ < 0 the ground DE has F = 0 (see Fig. 1(c) ). The two level structure of spherical NCs (see Fig. 1(a) ) could be also realized in prolate wurtzite CdSe NCs. The negative value of ∆ sh could result in ∆ = 0 in prolate CdSe NCs of a certain size, which will be called later "quasi-spherical".
11
Thus the ground exciton state is always optically passive DE in all three cases shown in Fig. 1 . Calculations show that in small CdSe NCs a typical energy splitting between the ground dark exciton and the lowest optically active (bright) exciton state, which are denoted in Fig. 1 as ∆E AF , is on the order 10-20 meV.
11 As a result only the DE contributes to the NC photoluminescence (PL) at low temperatures.
Let us consider activation mechanisms of the ground DEs for all possible level structures shown schematically in Fig. 1 . These mechanisms should provide the mixing of the bright exciton states into a DE state via either the flip the electron spin caused by some perturbationV e or the mixing of the hole states caused by some perturbation V h . We consider the total spin Hamiltonian describing the band edge excitons in NCs with direct account of the electron-hole exchange interaction, hexagonal anisotropic field and additional mixing perturbations aŝ
It can be written explicitly in the form of the 8x8 matrix in the bases of the two ↑≡ 1/2 and ↓≡ −1/2 electron states and the four M = ±1/2, ±3/2 hole states (the electron, Ψ e ±1/2 , and hole, Ψ h M , wave functions for these states are given in Appendix A):
The admixture of the bright exciton states ±1 L,U , 0 U into the DE ±2 , 0 L states is mediated by at least one of four matrix elements: V e = 1/2|V e | − 1/2 for the flip of the electron spin and
for the mixing wave functions of the hole ground state, Ψ M , with initial and final hole momentum projections, M , differing by ±1 or ±2 . The matrix elements V e , V lh and V h,1 can be provided by the external magnetic field perpendicular to the c -axis 11, 13 or by the exchange interaction with the spin of dangling bonds at the NC surface. 45 The interactions with optical or acoustic phonons with angular momentum 2 provide the hole state mixing described by V h,1 and V h,2 .
56-58 In addition, the diagonal matrix elements V ↑(↓), M = Ψ ↑(↓), M |V e + V h |Ψ ↑(↓), M of theV e orV h perturbations, e.g. external magnetic field or crystal field or stress along the c -axis, may result in activation of ±1 L and 0 L excitons by their admixture to the ±1 U and 0 U excitons without a flip of either hole or electron spins. The mixing of the ±1 L DE to the ±1 U bright exciton by the crystal field is the well known example of such activation.
The resulting probability of the DE radiative recombination can be found in the framework of the second order perturbation theory, 11, 13, 45 which describes a virtual transition of the DE to the bright exciton states ±1 L,U , 0 U and its consequential radiative decay. The polarization of the DE emission is defined by the polarization properties of the corresponding bright excitons. Therefore, we start with a review of previously discussed 11, 13 probabilities of the bright excitons radiative emission and polarization of corresponding optical transitions.
In the dipole approximation, the exciton interaction with light is described by the perturbation q/(m 0 ω)Ep , where E = E[exp(−iωt)e + exp(iωt)e * ] is the electric field of the light, q and m 0 are the free electron charge and mass, respectively, ω is the light frequency, E is the amplitude of the electric field, e is the light polarization vector andp = −i ∇ is the momentum operator acting only on the valence band and conduction band Bloch functions. 59, 60 The momentum matrix elements d = G|p|X between the unexcited ground state G of the NC and the band-edge exciton state X are related to the matrix elementsd = G|qr|X of the dipole operator qr as
, where E g is the gap energy of the bulk semiconductor. This connection allows us hereafter to call d the dipole transition matrix elements. They are not zero only for the bright exciton states, which are X = ±1 L,U , 0 U . The bright exciton state 0 U is polarized along the c -axis of the NC. For this state, the square of projections of corresponding dipole transition elements are
, where both the Kane matrix element of the band-to-band transitions in zinc blende or wurtzite semiconductors in the quasi-cubic approximation, P , and the electron-hole wave functions overlap integral squared, K , are defined in Appendix A. The linear polarized dipole is often referred to as the nondegenerate 1D dipole.
51
The bright exciton states ±1 U,L are polarized perpendicular to the c -axis and are usually referred to as the degenerate 2D dipoles. [50] [51] [52] The square of projections of the dipole transition matrix elements are |d ±1 | 2 = 0 and
and the constants C ± , introduced in Ref. 11, are defined in Appendix A. It is easy to show that in any NC the sum
In the spherical and "quasi-spherical" NCs with ∆ = 0 the coefficients C + = 1/2 and C − = √ 3/2 , so that the ±1 L excitons become the DEs.
According to the Fermi's "golden rule", the probability of the spontaneous emission of the e -polarized photon is given by
where ρ(ω) is the density of the photon states and E int = E int e * is the electric field of the photon inside the NC which is different from its electric field E out in the outside medium due to the local field effect.
48,61-65 The total radiative rate can be obtained after the averaging over all possible polarizations as
where Θ e is the angle between e and c -axis (chosen as the z direction), n is the refractive index of the medium outside the NC, and factors
are the local field screening factors. As a result the radiative rate of the 0 U bright exciton is 11,13,66
The relations of Eqs. (4) 
The polarization properties of the DE emission can be characterized by the anisotropy parameter 48,49 r d = Rf d , which is a product of a parameter R = D /D ⊥ that describes the anisotropy of the local field effect, and the parameter
2 that describes anisotropy of the dipole matrix elements. The last one depends on the physical mechanism responsible for the DE activation. Note, that in the spherical NCs, the local field effect becomes isotropic and R = 1 .
In the following sections we calculate |d DE | 2 and |d DE ⊥ | 2 and find the rate of the DE radiative recombination and its anisotropy for several mechanisms of the DE activation. The total radiative recombination rate of the DE can be written as sum of their contributions:
where Γ ph = Γ LO + Γ AC is the phonon assisted radiative decay rate due to the interaction with optical ( Γ LO ) and/or acoustic ( Γ AC ) phonons, the ZPL recombination rate Γ db is associated with the dangling bond assisted radiative recombination and Γ B is the magnetic field induced recombination rate. In this paper we consider all activation mechanisms as independent, neglecting, for example, such effect as the alignment of the dangling bond spins by an external magnetic field.
III. RADIATIVE RECOMBINATION OF THE ±2 DARK EXCITON
Let us calculate the matrix elements that mix up bright excitons and the ±2 DE and lead to its radiative decay. It is clear from Eq. (3) that perturbations V e and V h,1 couple the ±2 dark exciton with the ±1 L,U bright exciton states resulting in d (3) we find matrix elements that describe the couplings:
Equations (10) elements of Eqs. (10) we find the following expressions:
where the energiesε ±2 of the DE andε 
Below we consider interactions of excitons with an external magnetic field, phonons and dangling bond spins that result in non zero matrix elements V e , V h,1 and V h,2 . The expressions for the ±2 DE transition matrix elements squared, |d Table I. A. Activation by external magnetic field
In the case, when an external magnetic field B = (B x , B y , B z ) is applied to NCs, the perturbations terms
, where g e,h are effective g -factors of the ground electron and hole states, respectively, µ B is the Bohr magneton.
Note, that matrix element V lh = −g h µ B (B x − iB y ) = 0 does not couple the ±2 DE with any bright exciton state and V h,2 = 0 .
In addition to the coupling matrix elements, there are non zero diagonal matrix elements
where θ is the angle between the magnetic field direction and the c -axis, which lead to the Zeeman splitting of the exciton states.
11, 13 We assume, that the Zeeman energies g e µ B B and g h µ B B are much smaller than the energy separations between unperturbed exciton states ε L,U 1 − ε 2 , and neglect them in the denominator of Eq. (12) . In this case, as it was shown above, the V h,1 ∝ g h mediated coupling does not activate the dark exciton, because superposition of the 1 L and 1 U bright states results into the destructive contributions to the dipole transition element and thus to the radiative decay. In contrast, for V e ∝ g e mediated coupling the superposition of 1 L and 1 U bright states leads to constructive contributions to the dark exciton dipole transition element given by Eq. (13) and therefore to the PL, which is circularly polarized in the plane perpendicular to the caxis. Substituting |d 
where 1/R = D ⊥ /D takes into account the anisotropy of the local field corrections to the probability of the optical transition in non spherical NCs. It is important to note that the rate of radiative recombination in Eq. (14) does not depend on the splitting between ±1/2 and ±3/2 hole states, ∆ . Equation (14) shows also that the magnetic field activation of the DE becomes very efficient in large NCs, because 1/η 2 ∼ a 6 . The polarization properties of the magnetic field activated recombination from the ±2 DE are the properties of the degenerate 2D dipole determined by coupling with the ±1 L,U bright excitons. The activation process is shown schematically in Fig. 2(a) . The resulting PL is directed preferably along the c-axis and circularly polarized in the plain perpendicular to the c -axis. Introduced in the previous section, the polarization anisotropy parameter for the magnetic field activation of the DE is r Let us consider phonon assisted radiative recombination of the ±2 DE. In spherical NCs, each long-wave length acoustic and optical phonon is characterized by total angular momentum l and its projection m on the quantization axis. The wave functions of correspondingẼ 
Generally, the phonon assisted radiative decay of the DE shifts the energy of emitted photons by the energy of a phonon participating in optical transitions, E ph . The matrix element V h,1 couples the DE with the ±1 L,U bright excitons. In the caseε
− ε 2 ± E ph , and the destructive superposition of the contributions from the ±1 L,U states does not eliminate the transverse dipole transition element d ±2 ⊥ of Eq. (12) . The phonon assisted recombination of the DE contributes to the two PL lines with energies ω = E F ∓ E ph . The rate of their recombination calculated in the second order perturbation theory is described, correspondingly, as
−1 is the Boltzmann population function ( k -is the Boltzmann constant) for the phonons participating in recombination, which depends on their energy, E ph , and temperature, T . The V h,2 interaction mediates DE coupling with the 0 U bright exciton state. As a result, the DE acquires a dipole d ±2 , given by Eq. (11) with denominator
In this case, the phonon assited recombination of the DE occurs at the frequencies ω = E F ∓ E ph with the rates
The typical energy of the acoustic phonons E ph = E AC is much smaller than ∆E AF . This suppresses the phonon assisted recombination described by Eq. (15) because E 2 AC /(3η∆) ≤ (E AC /∆E AF ) 2 ≪ 1 . As a result, the acoustic phonon-assisted recombination of the DE is dominated by transitions described in Eq. (16) and have polarization properties of the 0 U bright exciton, which is linearly polarized along c -axis (see red arrows in Figs. 2b and 2c ) . Emission or absorption of the phonons with energy E ph = E AC result in Stokes and anti-Stokes lines shifted down and up from E F by the acoustic phonon energy E AC , respectively. The intensities of these components are proportional to N B + 1 and N B , correspondingly. At low temperatures that are smaller than the acoustic phonon energy, ( kT ≪ E AC ), only the Stokes component is expected. However, even a slight increase in temperature can activate the DE recombination assisted by the acoustic phonons. Neglecting a weak dependence of Γ 20 ph (E F ∓ E ph ) on the acoustic phonon energy E ph = E AC ≪ ∆ , one can write the total rate of the acoustic-phonon assisted recombination as
In the FLN experiments, the Stokes and anti-Stokes lines are not resolved separately and both contribute to a ZPL. As a result of these line contributions, the temperature increase leads to a blue shift of the ZPL described
In the case of the optical-phonon assisted recombination, the phonon energy E ph = E LO can not be neglected in Eqs. (16) and (15), because it is comparable or even larger than ∆E AF . In the range of temperatures we consider here, kT ≪ E LO , only Stokes PL line with energy ω = E F − E LO , can be observed. The LO phonon assisted radiative decay rate of the DE is almost temperature independent and given by
Here the rates Γ 20 ph and Γ L,U bright excitons is shown schematically by blue arrows in Fig. 2(b) for the Stokes component. The resulting PL directed preferably along the NC c -axis is circularly polarized in the plain perpendicular to the c -axis. The polarization anisotropy parameter for the optical phonon assisted mechanism can be found as
One can see, that for ∆ > 0 and R ≈ 1 , the parameter r
LO d
is always lager than 4. As a result, the optical phonon assisted line of the DE PL in nearly spherical NCs made of wurtzite CdSe is mostly linear polarized along c -axis of the NC. The dangling bond assisted mechanism of the ±2 DE radiative recombination was suggested recently in Ref. [45] . Indeed an exchange interaction between the exciton spin and the spins of the dangling bonds at the NC surface could result in flip-flop processes, which mix up the ±2 DE with the ±1 L,U bright excitons. Flipping the dangling bond spins could change the exciton spin projection by ±1 . The exchange interaction between the dangling bond spins and the exciton spins is dominated by their interaction with the electron spins, because an electron wave function more strongly penetrates to the NC surface. Here we assume that the NC have a spherical shape and the exchange interaction of an electron in the ground 1S e state with all dangling bonds is the same and can be characterized by the one exchange constant α (see details in Ref. [45] ). As a result the electrondangling bond spin exchange interaction can be written as:
whereσ e andσ j are the Pauli matrixes for the electron and j -th dangling bond spins, correspondingly. Each jterm in the sum of the exchange Hamiltonian of Eq. (20) could provide the simultaneous spin flip-flop of the electron spin projection and the projection of j -th dangling bond spin described by the matrix element |V e | = 2α . Consequently, the V e mediated coupling with ±1 L,U bright excitons results into the transverse dipole transition element given by Eq. (13) . The sum over all dangling bond spins results in
where N + db and N − db are the numbers of dangling bond spins oriented along and opposite to the c -axis, respectively.
The random fluctuation of the dangling bond spins orientation results in the dangling bond spin polarization along the NC c -axis
Here
is the total number of dangling bonds at the NC surface. The dangling bond polarization split the ±2 DE into two spin sub-levels. The splitting is proportional to the dangling bond spin polarization ∆E ex = 2αN db ρ db . This splitting in turn results in a different relative population of the exciton spin sublevels N ex,±2 , which also have different dangling bond assisted recombination rates. Straightforward calculations in second order perturbation theory which takes the last effect into account gives the following rate for the dangling bond assisted radiative recombination as Γ db = Γ 21 db :
where γ ex = [(α/η) 2 /(6Rτ 0 )] is the electron-dangling bond spin-flip rate, ρ ex = (N ex,−2 − N ex,+2 )/N ex = tanh[αN db ρ db /kT ] is the polarization of the exciton state, and N ex is the averaged number of excitons per NC.
At high temperatures, when dangling bonds are not polarized and randomly oriented ( N − db = N + db = N db /2 ), the dangling bond assisted DE recombination rate is just proportional to the total number of dangling bonds: Γ db = γ ex N db . As we have shown in Ref. 45 , the radiative recombination is suppressed at low temperatures, when ρ db ρ ex −→ 1 due to the formation of the dangling bond magnetic polaron state.
The polarization properties of the dangling bond assisted recombination from the DE are determined by the coupling with the ±1 L,U bright excitons and the 2D dipole acquired by the DE is oriented transverse to the c -axis. The activation process is shown schematically in Fig. 2(a) . The resulting PL is directed preferably along the c -axis and circularly polarized in the plane perpendicular the c -axis. The polarization anisotropy parameter for the dangling bond spin flip-assisted recombination of the ±2 DE is the same as for the external magnetic field activation: r 
IV. MAGNETIC FIELD ASSISTED RADIATIVE RECOMBINATION OF THE F = 2 DARK EXCITON IN SPHERICAL OR "QUASI-SPHERICAL" NCS
In spherical or "quasi-spherical" NCs with ∆ = 0 the ground exciton state is a five fold degenerate DE with total angular momentum F = 2 . In this case, all states are characterized by their projections on the direction of an external magnetic field B . The states can be still notated as ±2 , ±1 L and 0 L for the dark exciton and ±1 U and 0 U for the upper bright exciton with F = 1 . In this case the magnetic field does not mix up the states with different momentum projections and, at first glance, does not activate the ground DE. Surprisingly, however, it activates the DE via a magnetic field induced coupling between dark ( F = 2 ) and bright ( F = 1 ) exciton states with the same momentum projections on the B direction.
The magnetic field stimulated coupling of 0 L and ±1 L DEs with 0 U and ±1 U bright excitons, are described by the following matrix elements:
The resulting radiative rates are given by
We assume again that all Zeeman energies are much smaller than the exchange splitting 4η . The five sublevels of the F = 2 exciton are split in a magnetic field as E F = g ex µ B BF with the DE g factor g ex = (g e − 3g h )/4 . This value is positive in CdSe Dangling bonds (db) α NCs, and as a result the lowest DE state has spin projection F = −2 , which is not activated by the longitudinal magnetic field. The resulting rates of the radiative recombination from the F = 2 DE and its polarization is determined by the relative populations of the Zeeman sublevels given by N F = exp(−E F /kT )/N ex , where N ex = F =0,±1,±2 exp(−E F /kT ) . The total radiative rate of the DE in an external magnetic field can be written as
where Γ 0 , Γ 1 and Γ 2 are the radiative rates of the DE sublevels with projections 0, ±1 and ±2 on the magnetic field directions, respectively, that are coursed by other than the external magnetic field activation mechanisms. One can see, that Γ B from Eq. (26) is a nonmonotonic function of the magnetic field. It is important to note that contrary to the case of the ±2 DE, the activation of the 0 L DE by an external magnetic field and the dangling bond spin flip-assisted mechanism results in PL which have different polarization properties. The coupling of the 0 L DE with the 0 U , +1 U,L and 1 U,L bright excitons by the magnetic field leads to a coherent superposition of these three intermediate states, contributing to the PL in the second order perturbation theory. The straightforward calcula- tions show that this superposition results in a linearly polarized PL. The activation of 0 L DE by a magnetic field either parallel or perpendicular to the c -axis results in PL linearly polarized parallel to the magnetic field. In contrast, the dangling bond spins activation results in PL with mixed polarization properties: PL linear polarized along the c -axis of the NC and PL circularly polarized around its c -axis. The detailed explanations for these properties are given in the Appendix B.
VI. DISCUSSION
Let us first discuss how our theory of the DE activation describes the PL properties of most heavily studied CdSe NCs where the ±2 DE is the ground exciton level. The optical phonon assisted radiative recombination of the DE clearly seen in FLN experiments 20 is a direct proof that the exciton coupling with the optical phonon courses such an activation. The PL lines related to the acoustic phonon assisted recombination of the DE are not resolved usually in FLN experiments because an inhomogeneous broadening of the ZPL is much larger than the energies of NC acoustic phonons. They have been observed, however, in the SD experiments 27, 31 and in the FLN spectra of the CdSe/CdS dot-in-rod heteronanocrystals 25 due to the much narrower ZPL linewidth. In the CdSe/CdS dot-in-rod NCs the electron wave function is strongly anisotropic due to its leakage to the CdS shell. This anisotropy leads to an additional phonon-assisted recombination mechanism of the DE, which was not considered in our paper.
Experimentally, the rate of the DE recombination in zero magnetic field is usually determined from the temperature dependence of the PL life time long component, τ L . 27, 33, 34, 36 In this model the DE recombination rate Γ F ≡ Γ DE is assumed to be temperature independent, and the temperature dependence of τ L is determined solely by the temperature induced population of the bright exciton state with the recombination rate Γ A ≫ Γ F according to:
(27) Here ∆ AF is the bright-dark exciton splitting, which is usually obtained by fitting of the experimentally measured temperature dependence of τ L . Measured in NCs with different sizes, the procedure gives a size dependence of ∆ AF , which sometimes resembles a more size dependence of confined acoustic phonons than the size dependence of the splitting between dark and bright excitons. 36, 37 It is important to note, however, that some of the DE activation mechanisms considered above predict the temperature dependence of Γ F itself.
First of all, the DE radiative recombination rate assisted by acoustic phonons increases with temperature as coth(E AC /2kT ) , in the range where this rate is still smaller than the bright exciton radiative recombination rate. Second, the dangling bond spin assisted radiative recombination of the DE becomes temperature dependent in small NCs due to formation and thermal dissociation of the magnetic polaron.
45 Therefore, the mechanism of the dangling bond spin assisted recombination suggests the existence of additional activation energies for τ L at temperatures below the bright exciton activation.
Other important consequences of different activation mechanisms are the different polarization properties of the DE recombination. We have shown that the dangling bond spin flip-assisted recombination of the ±2 DE is the only activation mechanism which results in the PL polarization described by the degenerate 2D dipole in zero magnetic field. Only for this mechanism, the anisotropy parameter of the DE recombination is the same as for the lowest bright exciton: > 4 for R ≥ 1 . Therefore, we conclude that the dangling bond spin flipassisted mechanism is responsible for DE radiative recombination in single CdSe NCs with diameter 5.2 nm and 3.8 nm studied in Ref. [50] . These NCs have demonstrated the polarization properties of the degenerate 2D dipole at the temperature 10K.
On the other hand, the dangling bond spin flip-assisted recombination might be suppressed at low temperatures in small NCs. 45 In this case, the main mechanism responsible for the ZPL seen in the FLN experiments, is acoustic phonon assisted recombination of the DE. This recombination leads to the PL which is linearly polarized along c -axis. This prediction allows us to explain the experimental observations of the negative linear polarization memory in CdSe NCs reported in Refs. 12,21. In Ref. 21 the PL was excited resonantly by linear polarized light. At the initial period just after the excitation, the PL was co-polarized to the excitation with the positive linear polarization degree P mem ≈ 0.143 . 75 This number is in a very good agreement with theoretically predicted polarization memory degree 1/7 ≈ 0.143 for the resonance excitation of the lowest ±1 L bright exciton and emission from the same excited state. 48 At low temperatures (below 10 K), the polarization changed its sign after some small time delay, and the ZPL PL became cross-polarized to the excitation with the negative polarization memory P mem ≈ −0.14 . The time dependence of the degree of the PL polarization is identical to those of the PL 21 , what confirms the change of the emitting state after the exciton relaxation to the ground DE state. Therefore, the observed negative polarization memory is determined by the DE activation mechanism. Generally, the degree of PL polarization memory in an ensemble of randomly oriented NCs is given by:
where I ( I ⊥ ) are intensity of the PL polarized parallel (perpendicular) to the polarization of exciting light, and r a = Rf a = Rd | 2 /|d ⊥ | 2 characterizes the anisotropy of selection rules for the bright excitons. For the resonance excitation of the ±1 L,U bright excitons r a = 0 and of the 0 U bright exciton r a = ∞ . The dependence of the linear polarization memory degree P mem on the anisotropy parameter r d for the resonant excitation of the ±1 and 0 U bright excitons are shown in Fig. 4 by the blue and red lines, respectively. The horizontal and vertical dashed blue lines show the experimentally observed in Ref. 21 at 10K value of P mem ≈ −0.14 and the corresponding r d ≈ 3.41 , respectively. This value of the r d indicates that the dangling bond assisted mechanism is partially suppressed at 10K. However, increasing the temperature to 20-30K decreases the degree of linear polarization suggesting the activation of the dangling bond assisted recombination. 21 The temperature dependent Stokes shift of the ZPL observed in Ref.21 also confirms the magnetic polaron formation in these NCs at low temperatures and its dissociation with temperature increase. Note, that in the case of the complete suppression of the dangling bond spin assisted mechanism r d → ∞ and Eq. (28) predicts P mem → −0.33 for the resonant excitation with r a = 0 .
The effect of the negative polarization memory was reported also in CdSe nanocrystals embedded in a glass matrix. 12, 22 In Ref. 12, the excitation was not in exact resonance with the lowest ±1 L bright exciton and some fraction of the NCs were excited at the level of 0 U bright exciton. This was evidenced, for example, from the large positive polarization memory degree up to 0.3 just after the excitation. Equation (28) and the red curve in Fig. 4 show that in the case when both the excitation and detection are characterized by r a = r d → ∞ , the P mem maximum reaches 0.5. After ∼ 100 ps delay, the negative polarization memory was observed for both ZPL and in the optical phonon assisted lines. The negative polarization memory degree of -0.11 and -0.07, measured for the ZPL and 1PL under steady state excitation conditions 12 are shown in Fig. 4 by the horizontal green dashed and black solid lines, respectively. The green line shows the dependence of P mem on r d calculated for a resonant excitation characterized by r a = 0.5 . One can see that the observed degrees of polarization memory are in a good agreement with the theoretical expectations: r d ≥ 4 for the 1PL and r d ≫ 1 for the ZPL. These calculations show that the acoustic phonon assisted recombination is the main mechanism of the DE radiative decay responsible for the ZPL in CdSe NCs embedded in a glass matrix.
Thus, the measurement of the linear polarization memory effect at low temperatures can reveal the exciton fine structure and the activation mechanisms of the lowest ±2 DE responsible for its radiative decay. Gener-ally, the anisotropy polarization parameter of emission f d = |d | 2 /|d ⊥ | 2 and consequently r d = Rf d may depend on the temperature due to temperature dependence of some of the activation mechanisms. This parameter also depends on the external magnetic field 49 due to field induced activation of the DE. In time-resolved experiments this parameter may change with time due to an exciton thermalization to the lower lying exciton levels after the excitation. Therefore, the theory predicts strong changes in the polarization of emitted light with time or with increase of the temperature or an external magnetic field.
For the spherical or "quasi-spherical" NCs with ∆ = 0, where the lowest degenerate DE is characterized by the total momentum F = 2 , we have considered the activation of this state by an external magnetic field. It is usually assumed that the activation of the DE and the shortening of the DE life time in external magnetic field in NC made from cubic semiconductors is a signature of the NC shape anisotropy.
39, 41 We have demonstrated, however, that the magnetic field can activate the DE in spherical cubic NCs and the dependence of the DE lifetime on the magnetic field might be non monotonic.
We have demonstrated that the 0 L DE can be activated by the external magnetic field, acoustic and optical phonons and dangling bond spins. Experimentally, the lowest 0 L DE was studied using SD experiments in prolate CdSe NC. 76, 77 In these studies, the PL from the 0 L DE was observed only in the presence of an external magnetic field and without the field was not detected neither in the PL nor in the PLE measurements. The absence of the PL from the 0 L exciton without a magnetic field does not have a clear explanation. In all NCs studied with the lowest 0 L DE, the bright-dark splitting is very small, of the order of 0.5 meV, and the bright ±1 L exciton remains well populated even at 2 K. The state selective pumping experiments 77 conducted in these NCs show that the exciton relaxation to the ground exciton state is suppressed and the state population distributions depend significantly on the pumping conditions. This suggests that the absence of the PL from the 0 L DE in zero magnetic field might be connected with its low population. The external magnetic field may not only activate the DE but it also accelerates the exciton relaxation to this state via spin relaxation. The absence of the observable PL might be also connected with polarization properties of the 0 L DE emission. All phonon assisted mechanisms lead to the recombination polarized perpendicular to the c -axis of the NC which is suppressed by the local field effect in the prolate structures.
48
In summary, we have developed a model that describes the radiative recombination of the DEs, which occurs as a result of the admixture of the DE to the bright exciton states via various physical mechanisms. The effects of the DE interaction with spins of dangling bonds at the NC surface and with acoustic and optical phonons, as well as an external magnetic field have been considered. We have shown that different activation mechanisms of the DE lead to different temperature dependences of its radiative recombination rate and different polarization properties.
is inversely proportional to the a 3 in the case of impenetrable confined potential of NC with radius a . In CdSe the exchange constant was extracted from the bulk exciton splitting: ε exch = 450 meV.
11
The electron-hole exchange interaction splits the eight fold exciton state into states with total momentum F = 2 (dark ground state with the energy −3η/2 ) and F = 1 (bright state with the energy +5η/2 ). The exciton wave functions with total momentum F and projection F can be constructed in the electron-hole representation using general rule:
In explicit form the exciton wave functions are:
for F = 2 and
for F = 1 . The spherical symmetry can be broken by the internal hexagonal crystal field in semiconductors with wurtzite structure (such as CdSe) and the non-spherical, ellipsoidal shape of NCs, which splits the ±1/2 and ±3/2 hole sublevels. The action of the total anisotropic field can be written aŝ
This perturbation shifts the energies of exciton states with F = 0 and |F | = 2 by ±∆/2 without modification of their wave function and mixes the states with |F | = 0 with different F . The resulting energies of the HamiltonianĤ fine =Ĥ exch +Ĥ an that is defined in Eq. (1)) are:
Here U and L correspond to "+" and "-" signs in the equations for the upper and lower states, respectively, f = (−2η + ∆)/2 and d = 3η 2 . The exciton wave functions in the electron-hole representation are:
where Ψ ↑,M (r e , r h ) = Ψ 
For the chosen basis, the Kane matrix element is defined as P = −i S|p x |X = −i S|p y |Y = −i S|p z |X , wherep = −i ∇ . The square of the overlap integral between the electron and hole wave functions is defined in Ref.
B. Details of the radiative rate calculations for the 0 L DE.
Using the exciton wave functions we find the mixing of the 0 L DE state with different bright excitons by perturbationsV e andV h :
One can see from Eq. (42) , that the 0 L DE state can be activated by the V lh matrix element that is responsible for the flip of the light hole spin, in contrast to the ±2 DE (see for comparison Eq. (10)). In addition, the diagonal matrix elements V ↑,−1/2 − V ↓,1/2 couple the bright and the DE with F = 0 without changing their spin projection.
Assuming again that all perturbation matrix elements are smaller than the exciton fine structure splittings, one can find the resulting dipole transition matrix elements for the 0 L DE in the framework of second order pertur-bation theory as
Here the bright exciton matrix elements are (see also Eq.
)
and the exciton energiesε 
where the rate Γ U,L bright excitons. We note again, that the rate of radiative recombination Γ B does not depend on the splitting between ±1/2 and ±3/2 hole states, ∆ .
The polarization properties of the PL from the 0 L DE activated by a magnetic field are determined by the DE coupling with both the ±1 L,U and 0 U bright excitons. The activation processes are shown schematically in Fig. 3(a) 
The diagonal part −α j σ 
where ρ db = − j σ j z /N db . One can see from Eq. (50) , that Γ 00 db depends strongly on polarization of the dangling bond spins. In Ref. 45 we have considered the formation of the magnetic polaron state via optical pumping of the dangling bond spins during the dangling bond assisted recombination of the ±2 DE. Such dynamic polarization of the dangling bond spins is not possible in the case of the 0 L DE recombination, however the dangling bond polarization ρ db can be created by other means. In contrast to the dangling bond assisted recombination of the ±2 DE, the polarization of the dangling bond spins increases the rate of the 0 L DE radiative recombination. The dangling bond assisted activation of the DE and PL polarization connected with this activation are shown schematically in Fig. 3(b) . The flip of the dangling bond spin leads to different initial or final states of the NC for the σ + and σ − polarized transitions as well as for the c -polarized transitions. Therefore probabilities of the radiative recombination via these independent channels can be directly added up and the PL polarization of the DE is a mixture of the linear polarization along c -axis and circular polarization perpendicular to the c -axis. (−∆η ± E ph (−∆ + 4η) + E 2 ph ) 2 N B + 1/2 ± 1/2 4Rτ 0 .
The activation processes are shown schematically in Fig.   3(c) for the PL which is accomplishing by the phonon emission. In the prolate CdSe NCs, where the 0 L DE is the ground exciton level, one cannot neglect the phonon energy in Eq. (51) for both the acoustic and optical phonons. The resulting dipole transition elements and recombination rates for the acoustic phonon assisted transitions, which account of both Stokes and anti-Stokes components of PL, and for the optical phonon assisted transitions, which account of only the Stokes components of PL are given in Table II. 
